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Abstract 

We consider shape, size and regularity of the hulls Kt of the chordal Schranim-Loewner 
evolution driven by a symmetric a-stable process. We obtain derivative estimates, show that 
the domains M. \ Kt are Holder domains, prove that Kt has Hausdorff dimension 1, and show 
that the trace is right-continuous with left limits almost surely. 

1 Introduction and Results 

The Loewner differential equation (LE for short) 

2 

dtgt{z) = — r- — , 9o(z) = z (1.1) 

gt{z) - Wt 

takes as input a real-valued function Wt {t > 0) and produces an increasing family of sets 
{Kt)t>o such that gt is the (suitably normalized) conformal map from M\Kt onto the upper 
halfplane H. See Section [3l The Schramm Loewner Evolution SLE^ is the random process Kt 
(or Qt) when Wt — B^t where Bt is Brownian motion. See [17] and the references therein. 

The spectacular success of SLE^, in describing scaling limits of lattice models and in re- 
solving numerous questions from probability and mathematical physics motivates the study of 
the Loewner equation driven by other stochastic processes. Roughly speaking, if the driving 
function is sufficiently continuous, then LE produces a continuous curve j{t) € H defined by 
9t{l{t)) = Wt- This so-called trace generates the hull in the sense that Kt = 7[0, t] (if 7 is not a 
simple curve, one has to add the fiUed-in loops). If W has a discontinuity at time t, then 7 has 
a discontinuity too and the trace grows a "branch". In fact, if W is piecewise constant, then 

is a union of analytic curves (and the n-th of these curves is a geodesic for the hyperbolic 
metric in the half plane minus the previous n~l curves). Thus tree-like sets K can be described 
by LE with discontinuous driving term. In the mathematical physics literature, the LE driven 
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by the symmetric a-stable process St (plus Brownian motion) has first appeared in [13j. A 
mathematically rigorous treatment of some elementary properties is in . 

Another motivation for studying random families of conformal maps comes from a circle of 
problems known in the complex analysis literature as Brennan's conjecture, see [3] or |12| . The 
problem is to maximize 

(3f{p) = hmsup ^-f — 

r^i |log(l-r)| 

over all bounded conformal maps / of the unit disc. While it is conjectured that f3{p) := 
supy/3/(p) — for —2 < p < 2, there is no proof of either /3{p) < or (3{p) > 

for any nontrivial value of p. The lower bound just requires one example /, but there are no 
candidates for extreme domains. From work of Carlcson, Jones, Makarov and others it is know 
that extremals can be found amongst domains with self-similar boundary, and that extremal 
boundaries can be approximated by "dendrites". Whereas it is difficult to compute the above 
integral means for individual functions /, it could be easier to estimate the expected value 



E 



r \r{re^')\Pdt 
Jo 



because in a rotationally invariant family this amounts to computing E[|/'(r)|P]. The computa- 
tions in showed that Brownian SLE does not produce examples close to extremal. At the 
2001/02 Mittag-Leffier program "Probability and Conformal Mappings", Nikolai Makarov and 
the second author tried to find stochastic processes that produced large integral means, and 
recognized that it would be interesting to study LE driven by symmetric stable processes. The 
second author would like to thank Nick for these stimulating conversations. In 2003, Daniel 
Meyer (then graduate student at University of Washington, Seattle) performed computer exper- 
iments that suggested a nontrivial and perhaps even close to extremal integral means spectrum 
for the stable LE. 

In this paper, we will consider LE driven by symmetric a-stable process Wt = St, see Section 
[2]for the definition of symmetric stable processes and some of the basic properties. As Wt satisfies 
a scaling relation different from Brownian scaling, stable LE does not exhibit scale invariance 
and thus it is no surprise that rescaling the hulls leads to deterministic sets. Indeed, we show 
in Section 3 that for < a < 2, as s ^ 0, the rescaled hulls -Kg2 converge to the vertical line 
segment [0, 2i] (in the Hausdorff metric) in probability. On the other hand, for all e > 0, 

lim P (-K,2 n {y > e} 7^ ) = 0. 



We will then consider continuity and metric properties of the hulls by analyzing the backward 
flow 

dtMz) = , fo{z)^z. (1.2) 

ftiz) - Wt 

For each fixed t > 0, this random conformal map ft{z) of H has the same distribution as 
g^^{z — Wt) + Wt and thus Kt has the same distribution as ]HI\ /t(IHI) — Wt- However as a family 
of maps, {/t(-), t > 0} does not have the same distribution as {(/j"^(-), t > 0} (see the discussion 
at the beginning of Section [5]). Write 

ft{z)~Wt=Xt+iYt, t>0. 

It is easy to see that Yt is increasing in i > 0. We prove in Section 4 that for z = x + iy G M 
with 2/<l, ifae[l,2),y reaches height 1 almost surely when a g [1,2), and Y does not reach 
height 1 with positive probability when a G (0, 1). 
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Below are some computer simulations for SLE driven by Cauchy 
t = 0.1, 1, 10 and t = 100 respectively. 



stable processes, with 




As in the study of SLE in T^, a key role in understanding Kt is therefore played by the 
derivative expectation E[|/('(z)|^]. However in contrast with Brownian motion, the infinitesimal 
generator of the symmetric a-stable process S" on R is the fractional Laplacian A"/^, which is 
not very amenable to calculations. Many nice smooth functions such as polynomials of order 2 
and beyond are not in its domain. For this technical reason, we use the truncated symmetric 
standard a-stable process S instead, which is the symmetric a-stable process S with jumps of 
size larger than 1 removed. Any C^-smooth function on E is in the domain of the infinitesimal 
generator of S. Note that for the symmetric a-stable process S, jumps of size larger than 1 
arrive according to a Poisson process. So there are only a finite number of jumps of size larger 
than 1 in any given time interval. For any At > 0, information on SLE driven by S" = {St, t>Q\ 
can be easily deduced from SLE driven by {5'„t,t > 0} (see Lemma |3 . II below) . which in turn 
can be recovered from SLE driven by {S'Kt,t > 0} (see Lemma 15.31 below). Our main estimate 
here is Theorem 14.41 For k > 0, let Wt — Si^t and write 

ftiz)-Wt^Xt + tYt, t>0. 

After a time change ju := inf{t > : It > Yqc"} and fu{z) :— f-y^iz) we show in Section 4 that 
for every < p < 2 and S > there is k > such that for Wt ~ S^t and every < y < 1 

E [l/iiog,Wr;7-iog, <^]< Cp,sy-'. 
In particular, this implies trivial integral means, 

/3(1) = a.s. 

for all K > 0, and also for the (non-truncated) stable process. 

We apply the above derivative estimates to prove in Section 5 that for every T > 0, the maps 
of the backward flow ft{z) of p.2p driven by Wt = S^t with small k are uniformly 7- Holder 
continuous on every bounded set A C H for t S [0,r] with 7 close to 1/6. The Holder expo- 
nents are certainly not optimal (we believe that the correct exponent is 1/2 for all a G (0,2)). 
Nevertheless, this establishes enough regularity to prove that the box counting (and hence the 
Hausdorff) dimension of the hull Kt (of SLE (|1.1|) driven either by Wt — S^t or by Wt — S^t 
for every k > 0) is 1 a.s. It also implies that the backward flow ft of (|1.2p driven either by 
Wt = Sat or by Wt = S^t for every k > is locally uniformly Holder continuous in IHI a.s. In 
particular, this implies that for each t > 0, the domain M\Kt is a Holder domain almost surely. 

Finally, as another application of the Holder continuity of the maps of the backward flow ft{z) 
of p.2p . we prove that the trace is right-continuous with left limits (RCLL in abbreviation): Let 
{5t, i > 0} be SLE HI]) driven either by Wt = S^^t or by Wt = ^^t- We show in Theorem O 
that for every a € (0, 2) and k > 0, almost surely, for each t > the limit 



exists, the function t 1^ ^{t) is RCLL, and Kt = 7(0, t]. This is achieved by first showing that 
with probability one, the maps {5^^, < t < T} are equicontinuous on H for every T > 0. 

Independently from and parallel to this paper, Qing-Yang Guan [9 has recently investigated 
the continuity properties of the trace of the Loewner equation driven by Wt — Bf^t + Set for 
K > 0, 9 > 0, and S the symmetric a-stable process with < a < 2 (he informed us that the 
assumption k > in his manuscript is not needed). Thus the main result of _9] contains our 
Theorem 1 7. II as the special case k = 0. Whereas his proof of the RCLL property is an adaptation 
of the continuity proof from |16| , we employ a different simpler method that takes advantage of 
the tree structure of the hulls (which works only for k < 4), and is of independent interest. 



4 



2 Definition and Basic Properties of symmetric a-stable 
process 

A random variable X is symmetric a-stable if its characteristic function 

E[e*''^] = e-'^l^l". (2.1) 

For a = 2, this is the normal distribution. It is not hard to show (but nontrivial) that such X 
exists if and only if < a < 2 (see for instance |6l Section 6.5]). 

Write X ~ S{a,c) where a is called the index and c^/" is the scale. If Xi ~ S{a,Ci) are 
independent, then (|2.ip immediately gives 

Xi +X2 - S{a,ci +C2) 

and 

aX - S'(a,ca"). 

The symmetric a-stable process S — {St,t > 0} (or a-stable Levy motion) is a Levy-process 
(meaning S is right continuous with left limits, and has stationary independent increments) with 
5*4 — Sr are distributed according to the a-stable law: 

St — Sr ^ S{a, t — r) 

for Q <r <t. Notice that stable process is self-similar: for every c > 0, 

{Set - 5*0; t > 0} = {ci/" {St " 5*0) ; t > 0} (2.2) 

where == denotes equality in distribution. This is the analog of the classical Brownian scaling 
for Brownian motion. The transition density function can be obtained from the characteristic 
function by the inverse Fourier transform: 

pit, X, y) = p{t, X - J/) = {St e [y, 2/ + dy]) /dy ^ ^ [ e-'^^-y' e-'^'^^ dO. 

Explicit formulas for p exist only in a few special cases (for a = 2 we have the normal distribution 
p{t, x) = exp{—x^/2t)/^/27rt, and for a = 1 the Cauchy distribution p(i, a;) = ^^^2*|_j.2) )■ However 
we have the following estimate (see, for example, [1]) 

Cj_ \ l+a 
lA^^ , t>0,x,yeR. (2.3) 
\x-y\J 

Here for a, 6 G M, a Ah := min{a, 6} and ay h = max{a, 6}. Therefore 

P(|5i-5o| >x) lA^. (2.4) 

We thus see that for a <2, St has infinity variance, and for a < 1, 5t is even does not integrable. 
Lemma 2.1. For i > and x > Q, 

max 5^ > x ) < 2P {St> x) x 1 A 
o<r<t J b h 
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Proof. Let T = inf{s : Ss > x}. Then P(r < t) = P {T < t, St < St) + P {T < t, St > St) < 
2V{T <t,St>ST) <2¥{St>x). □ 

For a Borel measurable function / on M, we define the fractional Laplacian A"/^/ = — (— A)"/^/ 
at x G K as follows: 

A"/V(.):.c.lirn/ ^^^^dH, 
whenever the limit exists. It is easy to see that for every / £ C'^(R) and every S > 0, 

which is well-defined and is in fact a bounded continuous function in x. By Ito's formula 

t ^ f{St) - I A"/V(5,)dr (2.5) 

is a martingale for every / G C'^(IR) (see, e.g., the proof of Proposition 4.1 in Ij for details). 
Let A be the Feller generator (that is, the infinitesimal generator in the space Ch(R) of bounded 
continuous functions equipped with the supremum norm || • ||oo) of the symmetric a-stable 
process S. Then the above implies that for / e C^(M), 

Afix) ^ Inn nfi^ + st)]-m ^ ^ ^^^^^ 

That is, CliM) C V{A) and for / e Cl{M.), Af = A"/^/. 

Let the domain D C M and let / be defined in all of R and continuous in D. Then / is harmonic 
in D with respect to S if f has the mean value property 

f{x)^EAf{Sr,^^J] 

for all balls B{x, r) with closure in D, where TB{x,r) '■= inf {t > Q : St <^ B{x, r)}. Then the ball 
can be replaced by any open Di with Di C D, see [5) Theorem 2.2]. 



The function 

if Q 7^1 



u{x) = 



log |x| if a = 1 



is harmonic in M \ {0} as is shown in 13J (for a ^ 1 this follows from the harmonicity of the 
Kelvin transform |a;|"~^/i(l/x) of the constant function h= 1, cf. [II,). 



This can be used to obtain a quick proof of the recurrence resp. transience of the stable process 
for a > 1 resp. a < 1 : 

From Ito's formula, {u{St), t G [0, Tq)} is a non-negative local martingale, where Tq = mf{t > 
: St = 0} and by Fatou's Lemma it is a supermartingale. For < r < 5*0 = x < i?, we therefore 
have 

u{x) > Ej; [u{Sr^/,ra)] = [u{Sra)l{Tji<r,} + u(S'r,,)l{r,<rR}] (2.7) 
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where = inf{t : \St\ < r} and t/j = ini{t : \St\ > R}. For a > 1 we get 

111 X) 

u[K) 

proving recurrence. Whereas for a < 1 we have Px(''V < tr) < and so after letting R oo, 
we get 

™ . V u(x) 

P^Tr < < < 1, 

u{r) 

giving the transience of S. Moreover, if we let r j in the last formula, we have for a < 1 and 
every x 7^ 

P:r(o-{0} < 00) = 0. 

Here a^oy = mf{t > : 5t = or St- = 0}. In other words, almost surely neither 5*4 nor St- 
will visit 0. 



3 The Loewner equation 
3.1 Deterministic equation 

Let Wt be a real-valued function that is right continuous with left limits, RCLL for short. For 
each initial point z G C \ {0}, the Loewner differential equation 

^'^'^'^^ gt{z)-Wt ' ^^-'^ 

has a unique solution up to a time < < cxa where gt{z) = Wt- or gt{z) = Wt- More 
precisely, let 

- sup |t: inf \gs{z)-Ws\ > j , 

then the initial value problem (|3.ip has a unique solution on [0, T^) and li < 00 then either 
liminf |6it(z) - Wt| = 1 

time Tz). The subset 



liminf \gt{z) — Wt | = 0, or liminf \gt{z) — Wt \ > and grS^) — (in this case, W jumps at 



Kt = {zeM:T,<t} 

is a compact subset of the closed upper half plane H and is called the hull of LE (j3.ip . It is well- 
known that the map z l—^ gt{z) is a conformal map (i.e. analytic and one-to-one) from W\Kt 
onto H, with Laurent series gt{z) — z + ^ + near 00. From the uniqueness of normalized 

conformal maps it follows that -ftTj H H 7^ is strictly increasing in t. Writing gt{z) = xt + iyt 
and taking real- and imaginary parts in (|3.ip . the Loewner equation reads 

c, „ xt-Wt 

Otxt = 2 



{xt-Wt)^ + y! .32. 

OtVt = -2- — 2 

{xt - Wtf -f yt 



It is easy to see that when W = 0, gt{z) = + 4t and Kt = 7[0, t], where "f{t) = i 2\ft. 
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3.2 LE driven by stable processes 

As t cxD, the diameter of the hulls Kt tends to infinity. In fact, 

^ \/t < diam < C(\/t+ sup \Wr-Ws\) (3.3) 

a<r<s<t 

for some universal C and all t. What do the hulls of LE driven by stable process (that is, W in 
(|3.1[) is a symmetric a-stable process) look like if we scale them back down as <: ^ cx3, or scale 
them up when t ^ 07 We will see that both the "conformally natural" and the "metrically 
natural" way of rescaling the hulls does not lead to any interesting sets: If we scale them so as 
to have (halfplane-) capacity one or so that the diameter is one, then the hulls converge to a 
vertical line segment as t — s- and to the empty set as t oo. To make this precise, let c > 0. 
The solution to (|3.ip with 

Wt = -W,2t (3.4) 
c 

is given by the function gt{z) = ^Qc^ticz). It follows that the hulls are related by 

kt = -K,2t. (3.5) 
c 

If Wt is a Brownian motion with variance k, then ^W{c^t) has the same distribution which 
translates to the important and useful scaling invariance of the SLE hulls. If Wt is a-stable 
then ^W{cH) is a-stable too but the scale is different: From (|2.2p it follows that 

-W{c^t) = ci^^Wt. (3.6) 
c 

Let {gt{z), t > 0} be the SLE driven by = S", the symmetric standard a-stable process on M, 
with hulls {Kt, t > 0}. For c > 0, define gt{z) := c^^g^2t{cz). Then 

2 

dtgt{z) = _i „ withgt(z) = z. 

gt[z) - c ^Sc2t 

So {gt{z),t > 0} is SLE with hulls {Kt = c^^Kc2t, t > 0}, driven by symmetric a-stable process 
{c'~^Sc2t, t > 0} ^ {Sc2-at, t > 0} running at a different speed. We record this as a lemma for 
future reference. 

Lemma 3.1. Let {Kt,t > 0} be the hulls of SLE driven by W = S, the symmetric standard 
a-stable process. Then for every c > 0, {c~^K^2t,t > 0} has the same distribution as the hulls 
of SLE driven by {Wt = Sc2-at,t > 0}. Hence the geometric information on hulls of SLE driven 
by Wt — St and by Wt — S^t can be deduced one from the other. 



From (|3.6p . it is not difficult to prove: 

Proposition 3.2. Let < a < 2 and {Kt,t > 0} be the hulls of SLE driven by W ^ S. As 
s — > 0, the resettled hulls ^Ks2 converge to the verticttl line segment [0,2i] (in the HausdorfJ 
metric) in probability. On the other hand, for all £ > 0, 

lim P i-K,2 n {y > e} 7^ ) = 0. 

The proof uses the following simple result for deterministic hulls: 
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Lemma 3.3. (a) If Wt e [a, b] for all t S [0, T], then Kt C [a, b] x R. 

(b) Let < £ < 1 and r > 1. If I C ^ is an interval of length VT and 10/ the concentric 
interval of size IOVt, and if 



/ '^{WtEioijdt < eT, 
Jo 



then 

KtH I X [aVsT, oo) = 0. 

Proof, (a) li z = X + iy E M with x < a (resp. > b), then dtXt{z) < (resp. > 0) and hence 
\gt{z) — Wt \ is bounded from below by |x — a|. 

(b) By means of Brownian scahng ()3.4I1 and ()3.5|) . we may assume T = 1 and / = [—1/2, 1/2]. 
Fix zo G / X [4y^, oo) and write gtizo) ^ xt + iyt- We may assume ?/o < 2, else trivially zq ^ Ki 
(only the hull of the constant function Wt = reaches height 2). Let Ti < 1 be maximal time 
such that xt+iyt € [-2, 2] x [2y/e, oo) for all t e [0, Ti]. We will show Ti = 1 and hence zq ^ Ki, 
proving the lemma. Up to Ti, from (|3.2p we have 



\xt-Wt\ 
{xt-Wtf+y'i 



< / 2^dt+ f 2- ^—-dt (3.7) 

e 2 3 
^ Vi+3<2 

Thus Xt does not reach the boundary of [—2, 2]. Similarly, 

Vt 

■{xt-Wtf+yf 

< f -dt+ f 2 y\ dt (3.8) 

J{Wteioi} yt J{Wt^ioi} [^t - Wt) 

2 „yo ^ ya Vq 
9 4 2 

and therefore yt does not reach 2^/e. Hence Ti — 1 and the lemma is proved. □ 



IVT, -yo\= I 2— „M2 I 2 ^* 



Proof of Proposition 13. 2] From p.6p we have that the rescaled hull has the same distribution 
as the time 1 hull of the map 1 1-^ s~^^Wt- By Lemma I^TTl the support of this function tends to 
zero in probability, and from Lemma 13.31 (a) it follows that the width of the hull tends to zero 
in probability. Since the halfplane-capacity it 1, the height has to converge to 2 and the hull 
converges to the segment [0, 2z] as s — > 0. By Lemma [3?3l (b). the second claim is equivalent to 
saying that the maximal amount of time that Wt spends in an interval [x,x + S] tends to zero 
in probability as ^ — > 0. □ 

3.3 Stable LE on M 

When z is a non-zero real number, Zt := gt{z) of (|3.ip is real- valued. We will call the real- valued 
equation 
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the forward Loewner equation on M driven by Wt, and 

the backward Loewner equation on M. The latter corresponds to the backward flow ft{z) of (|1.2p 
with z G M \ {0}. If W is the symmetric a-stable process on M, then the generator of 

in the forward resp. backward equation is 

X ax 

For the (— A)"/^-harmonic fmiction u{x) = |a;|"^-'^ {a =/= 1) we have 

v4±u = ±2(a-l)|a;|"-^ 

Thus u is superharmonic for if a < 1 and for A_ if a > 1. With the above reasoning (|2.7p 
we obtain 

Proposition 3.4. For a > 1, Xt is recurrent in the backward LE on R, whereas for a < 1, Xt 
is transient in the forward LE on R and almost surely, neither Xt nor Xt- visits 0. 

Notice that in SLE driven by Brownian motion, which corresponds to the case a — 2, the 
question of recurrence versus transience of Xt in the forward LE is rather subtle: If Bt is 
Brownian motion and Wt — \fKBt with k < 4, we have transience whereas for k > 4 we have 
recurrence. 



We will now prove a partial converse to Lemma ISTST a) about the deterministic forward LE (|3.ip 
in H. If a point xq on the real line stays away by e from the singularity, then the disc of radius e 
at this point docs not meet the singularity and therefore is disjoint from the hull. More generally, 
if the real part of some point stays away by e, then the e- disc around this point is disjoint from 
the hull. 

Let gt{z) be the solution to the deterministic LE p.ip with z G H \ {0} and define X^ = 
gt{z) - Wt- When z e R \ {0}, Zt = gtiz) solves the forward LE ((3J| on R discussed at the 
beginning of the section and X^ = Zt — Wt is real-valued. When z G H, X^ is complex valued. 
We will use B{z,r) to denote the ball in R^ = C) centered at z with radius r. 

Lemma 3.5. Jf \ ReXt°\ > e for some zq G 5 and all < t < T, then \ ReX^\ > for all 
z G B{zo, e) n H and all <t <T. In particular, B{zq, e) H Kt ^ 0. 



Proof. From (13.111 we have 



dt{xt - ) = ^ — = 2^ ^ 



X^ X^X^° 

and so 

dt\Xt - = 2Re [dt(Xt - XmXi-X^< 

~\2 



It follows that \Xf - Xf°\ is decreasing because Re{XfXf°) > as long as |ReXt''°| > s and 
|Re(Xf < e. Since |ReXf | > e for every < t < T, we have for every z G B(zo,e)nH, 

\Xt - I <\z-zo\<s for every 0<t<T 



10 



and so | ReX^\ > for every < t < T. □ 

Now suppose X G ]R\{0} and gt{x) is the solution to the LE (|3.ip driven by a symmetric a-stable 
process on E with a < 1. As mentioned previously, gt{x) is the solution to the forward LE 
on K. Proposition [33] tells us that for = gt{x) — Wt, 

r -.^ inf I ReXf I = inf iXf I > a.s. 
We then have by Lemma [531 

B{x,r)n[jKt = 1} a.s. 
t>o 



4 Derivative Estimates 

We would like to estimate the derivative of ht — g^^^. Because ht satisfies the PDE 

dthtiz) ^ ^2dM^^)/{Ht{z) - Wt) 

rather than an ODE, it is usually easier to work with the time t map ft of the backward Loewner 
equation ()L2p . The connection is as follows: If 174 is the solution to driven by a function 
Wt (0 < t < T), and if /, is the solution to ((XTU)l driven by Ws = Wts, then fr = But 
generally ft 7^ g^^^ for t < T. Because for the symmetric stable process, s 1-^ Wt-s — Wt has the 
same distribution as Wg, it follows that for each fixed T > 0, the random conformal map friz) 
of HI has the same distribution as g^^{z — Wt) + Wt (but the family of maps, {ft{-),t > 0} 
does not have the same distribution as {g^^{- — Wt) + Wt,t > 0}). For the remainder of this 
section, we consider the time t map ft of the backward Loewner equation (|1.2|) . 

Let {Xt,Yt) Zt - Wt. Then by (ISlOH . 



-2 -2X, + 2iYf 

d{Xt + lYt) = dt ~ dWt = ' dt - dWt. 



Hence 

2X 2Y 
dXt = - . , ' dt-dWt and dVt = *^ dt. (4.1) 

In particular, we have d In Yi = vi'^vi dt and so 



We record a simple lemma for later use. Let 0f (z) = \/ z^ — At be the solution to the backward 
LE (|1.2p driven by the constant function W = 0. 

Lemma 4.1. For every Zo = Xq + iYo with Yq G (0, 1], 



Yt < lm(j)t{iYo) < Vl + 4t for every t > 0. 

Proof. From (|4.1[) we have dYt < 2dt/Yt with equality if and only ii Xt = and therefore 
Wt = 0. Thus d(y(^) < Adt and integration gives Y^^ < Fg^ + 4t with equality if and only if 
Wt = 0. 

□ 



For w > 0, define 



7„ = inf > : Ft > ^06^} = inf |t > : ^ xfTV^'^' " "} 



(4.2) 
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Theorem 4.2. Let Wt — St he a standard symmetric a-stable process on R [that is, W ~ 
S{a, 1)). Then for every z — x + iy M and u > 0, fzi'Ju < oo) = 1 when a G [1,2) and 
^zilu = oo) > when a e (0, 1). 

Proof. Define Uq mi{u : 'y^ = oo}, and (X„,y„) :— {X^^^,Y^^) for u < uq. Clearly for 
u < Uq, Yu — loe". Note that under P^, (Xo, io) (2;, y), so for u < uq, = ye" and 



X-i + Yf 



Xu=X^^^x^ I ^^^ds-W^^^x- X,ds-W^^. (4.3) 



By [HI Theorem 3.1], there is a symmetric a-stable process Z on R such that 
^7.= / M^^TT '^^r on[0,uo). 



Thus X satisfies the following SDE 

l/a 



dXu = -Xudu - I ' ^ ^ I dZ„ on [0, uq) with = x, (4.4) 



where Z is a symmetric a-stable process on R. We can rewrite (|4.4p as 



d(e-X.) = -ea--/-)-((-"^");+^^-"' 



By [3 Lemma 4.5 and Theorem 4.6], the above SDE for Ut '■— e*Xt has a unique weak solution. 
Moreover [71 Theorems 4.7 and 4.9] tell us that the solution has non-explosion if and only if 
a E [1,2) (see also [TS] for the case of a E (1,2)). It follows that SDE (|4.4p has a unique weak 
solution X that has infinite lifetime if and only if a G [1,2). Note that the process {X,ye") 
extends {Xu, Yu) in law. So we have for a € [1, 2), uq = 00 a.s., in other words, for any t > 0, 
the original height process Y can reach level ye* with probability 1. When a G (0, 1), the proof 
of [3 Theorem 4.9] illustrates that Pz(7t — 00) > for every t > 0. This proves the lemma. □ 

As we mentioned in the Introduction, many smooth functions such as polynomials of order 2 
and higher are not A"/^-differentiable. For this reason, we need to look at truncated symmetric 
stable processes. Let 

St St - ^ (S'r - 5'r_)l{|S,-S,_|>l}, t>0. 
0<r<t 

The process 5* is a Levy process with Levy characteristic measure Cq,|/i|~^~"1{|;j|<i} (see [3l 
Theorem I.l]). We call S a truncated symmetric standard a-stable process with jumps of size 
larger than 1 removed. Define for / G C^(R), 

A"/2/(x) I {f{^ + h)- fix) - nx)h)c^\h\-^-^dh. 

Note that by Taylor expansion, we have for / G C^(R), 

|A"/2/(a^)l< sup \f"{w)\\ f c^\h\'-^dh^Co sup |/"(u;)|. (4.5) 
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Thus there is a richer family of test functions at our disposal for A"/^ than for A"/^. Just as 
in ()2.5|) . it follows from Ito's formula that for every / S C^(]R), 

t ^ f{St) - I A"/2/('5.)dr (4.6) 
Jo 

is a local martingale. 



Lemma 4.3. Let f{x) [x^ + a^)^/^ where a > and p < 2. Then there are constants 
Ci, C'2 > depending on p and a only such that 



|A"/2/(2;)l < Ci{x^ + a2)(p-")/2 + C2. 
When p = a, the right-hand side is to be interpreted as log(l/(a;2 + a^). 



(4.7) 



Proof. The proof is similar to that of Lemma 2.9 in Assume first that \x\ < a. Then 
w -.^ X / a E [—1, 1]. When < a < 1/2, we have 



|A"/V(x)| 



lim Co 

e— 



< lim Ca 



lim Ca 



{{x + hf+a^Y^^-{x^+ay/^ 



ll+a 



dh 



p/2 



{e<|/i|<l} 1^1 

, ((f+i)^+ir^'-(f^+i) 

{e<\h\<l} 

P/2 /'„..2 , i\P/2 



dh 



a 



{{w + t)^ + iY'-{w' + iy 



{e/a<\t\<l/a} 



ai+"|i|i+" 



aP~" lim Co 



■ adt 



{{w + t)^ + lY^^~{w^ + l) 



\P/2 



{£/a<|t|<2} "'{2<|t|<l/a} 
p/2 



|1+Q 



■dt 



{{W + tf + if" - {w^ + 1)^/' - pw{w^ + l)P/2-li 



{|i|<2} 



l + Q 

/„„2 , i\P/2 



((u; + <)2 + l)^' -(^2^1) 



{2<|t|<l/a} 
1/a 



■dt 



< ciaP-" + aP-°'c2 / tP^'-^dt 



< ciaP-"+C3 

< C4(x2+a2)(P-")/2 + c3. 

When a > 1/2, by the same calculation as above we have 

aP{iw + tf + lY^''-{w^ + lY^^ 



|A"/2/(2:)| = limc„ 
£—►0 



< aP-"co 



\P/2 /'„„2 . 1^P/2 



adt 



{e/a<\t\<l/a} 
{|tl<l/a} 



l + Q 



dt 



< C4(:r2^a2)(f-")/2. 
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This proves (|4.7p for the case of \x\ < a. 

Now assume \x\ > a. Then u := a/x e (—1, 1). If a < |x| < 1/2, we have 



|A"/V(x)| < hmc„ 



= hm Cq 



((i+i)^+f^r-(i+f^) 



.P/2 



{e<|/i|<l} 



+a 



-dh 



((1+0 



2 , „2^P/2 



(1+.^) 



p/2 



{£/|x|<|t|<l/|a:|} 



|1 + Q| + |1 + Q 



\x\dt 



= IxlP-" lim c„ 



\P/2 



{£/|a;|<|t|<l/2} J{l/2<|t|<l/|2;|} 
p/2 



((1 + + U^Y'" - (1 + _ ^ ^2)p-l^ 



dt 



{|t|<l/2} 



,|p-a. 



- l+«^ 



dt 



{l/2<|t|<l/|a;|} 



< C5|x|P-"+C7 

< C8(x2+a2)(p-«)/2+c^. 

When |x| > niax{l/2, a}, we have from above 

\x\P{{l + tf+u'Y'^ 



|A"/V(x)| < hmc„ 

£^0 



■ adt 



{s/\x\<\t\<l/\x\} F 

p/2 H , ..2^P/2 



l+a|^|l+Q 

((1 + tY + u^Y'^ - (1 + - ^'(i + "')'"'^ 



{ltl<l/bl} 

< C8(a:2+a2)(f-")/2. 



This proves (|4.7p for the case of |a;| > a and so the lemma is established. 



□ 



For K > 0, let Wt '■— S^t- It follows from (|4.6p that the infinitesimal generator of W is hiK°'/'^ 
in the sense that for every / G C^(M), 



Jo 



is a local martingale. 

Theorem 4.4. Let ft{x) he the solution of the backward equation lll.2\) driven by Wt '■— S^t- 
Define fu{z) = f-y^{z)- Then for every a, /3 £ (0, 2) and d > 0, there is a constant k = K{a, S) > 
such that, for every z = x + iy €z M with < y < 1, 



Proof. Set 



\fiiz)f; Ju<^]< e-(^-'> {x^ + y^Y^' y~^ forO<u<~ logy. (4.8) 



F{u,x,y) :=E, \fl{z)f; 7« < oo 
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Note that since dtft{z) 



and so 



dtniz) 



Mz)-Wt 

dt log n{z)^ 



{f,{z)-wtr 

2 

{Mz)-Wt)^ 



Thus we have 



log|/,'(z)|=Re(log/;(z)) 
Since Xt + iYt := ft{z) — Wt, it follows that 

2Re{{Xs ~ iYsf) 



Re 



y{Mz)~w,y 



ds 



iogi/;(^)i 



ds = 



and so 



Thus we have 



iX^ + Y^' 



iogi/;wi = 



(Xf+n2)2 



(is. 



(4.9) 



(4.10) 



F{u,x,y) 



exp 
exp 



(/31og|/:(z)|);7u 



< oo 



/J_^.s;.„<oo 



(4.11) 



Observe that by Ito's formula (cf. [10 ), the infinitesimal generator £ of the process {X,Y) is 
given by 



dip dip X + 



ox oy 



in the sense that for any ip G (M^), t ^ ip{Xt^Yt) — ip{Xa^Yf)) — j £ip{Xs,Ys)ds is a local 
martingale. So formally, when a e [1,2), F should satisfy 



dF — x^-v'^~ 



(4.12) 



in some sense. Our approach is motivated by this observation. However (j4.12p will not be used 
in our proof so we can avoid the delicate questions about the regularity of F and in which sense 
the equation (|4.12p holds. 

For A > and /3 > 0, define 

ip{t,x,y)^e-'* {x' + y'f'y-^ 
By (14. 5p . for /9 > 0, there is a constant Cp^a > such that 

On the other hand, by Lemma 14.31 there are constants Ci, C2 > 0, depending only on a and /3, 
such that 

|A^/2(a;2 + y2)/3/2| < ^^(x^ + y2)(;3-a)/2 ^ ^ 

Now take /? € (0, 2). We have from above that 

|A^/2(^2 ^ ^2)/3/2| < c (a;2 + z/)/'/2-i for |x| < 2 and y G (0, 1]. 
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By increasing the value of Cp^a > if necessary, we have 

|A;;!/2(x2 + y^)'^/^\ < Cp,c.{x^ + y^^'^^^ for every a; G R and < ?/ < 1. (4.13) 

Thus for any z = (x, y) with x G M and < y < 1, we have 

— — 
£(/3(t, X, y) + Z?^- — :rif{t, X, y) 
x^ + y^ 

— x'^ y'^ x'^ -|- x'^ — y^ 

^ ^9 , ,.9 2;, y) - /3(^(t, X, y) + 3-7-3 ^' 2^) + -^ ^2 . „,2 y(^' 2;, y) 



x^ + y-^ 
= -{(3 ~ Ci3^ai^)ip{t,x,y) 



x^ + y^ 



X'' + y^ 



So for any (5 > we can choose k > small so that Cp.aK < S. Taking X — P ~ S, we have 
— x^ — y"^ \ 

^ + ^ ^2 + ) '^(*' ^^y) <-iP- ^)f{'t, X, y) = ^'''(*' y) 

for X S M and < y < 1. Thus by Ito's formula (cf [IHI), for each fixed Q < t < — logy, with 
{Xu.,Yy) and q(x,y) := /? 



^ -y 



Ms -.^ ip{t - s,Xs,Ys)e^p q{Xu,Yu)duj 1^^^^^-^ 
is a supermartingale. It follows that E^A/q > E^zMt and so 



(p(0, Xt, >"t) exp ( / q{Xu, Yu)du] ; 7t < 



'P{t,x,y) > Ez 



Since (/?(0, x, y) > 1 for x G R and y G (0, 1] and Yt G (0, 1] for every t < — logy, we have 



<p{t,x,y) > Ez 
This proves the theorem. 



exp ( / q{Xu,Yi,)du ) ; 7t < 00 



:F(t,x,y). 



□ 



5 Holder continuity 

In this section we will first prove that the maps ft generated by the truncated stable process 
S^t are Holder continuous a.s. For small k we obtain explicit estimates for the exponent. We 
will then use Lemma |3. II and the relation between S and S explained below, in order to obtain 
Holder continuity for ft driven by S. 

The proof for S^t is similar to the analogous result for SLE„ with k 7^ 4, Theorem 5.2 in 
[16]. We begin with an estimate for the derivative |//| of the backward SLE > 0} of p.2p 
driven by Wt = S^t, using Theorem 14.41 



Lemma 5.1. Let T > 0. For < p < I and e > there is k = e) > such that for 
z = X + iy with —R < x < R and < y < 1, there is a constant C > depending on T, a, e, R 
and p so that 

„2-6p-£ 



max^|/;(z)|>y''-i) <Cy2 
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Proof. Fix < t < T, 2 = X + and write ft{z) - Wt = Xt + iYt, fu{z) ~ WV„ = ^« + iYu- 
Notice y = Yo- Recall by (jilQ]) . 

a„iog|/:(z)'- " " 



so that 







Let 



Since < 1, if < y'', it follows that \f^{z)\ < yP-\ 

On {l>Yt> yP}, since q{u) < 1, 

/ /"log /"log \ ^ 

|/,'(z)| = exp / " qiu)du+ / / q{u)du < 1/(^1) log, (2) I f;^ < log, y"" 

\ ^ ^ log — I y 



Yt 



while on {Ft > 1} we have by Lemma WX 



|/;(z)| = cxp / <7Hdu+ / q{u)du < \!Ly,.Jz)\Yt < [VlT^ l/ilogv(^)l 



It follows that, on j^max^ \f't{z)\ > y''^^^ C {Yt > y''}, 



„max^l/tWI < \f(p-l)logy{z)\y ''l{7(p-l)log.<oo} + (VI + 4t) |/ilogy(^)|l{7-i„,„<oo} 

Let < /3 < 2 and (5 > 0. Then it follows from the above and Theorem 14.41 that 



p(max^lA'WI>2/''"') 

(^yi-" max^|A'(z)|y;rT>/ 



< E, [(y^-'')V"'l/iiog,WI'';7(p-i)iog, < ooj + {VTTTtfE, [{y'''f\f-,osyi^^)f'^-^o,y < 

This establishes the lemma. □ 

The next theorem says that z ^ ft{z) is locally uniformly 7-H61der continuous with any expo- 
nent 7 < ^ for < a < 2 and small k. We believe that the correct Holder exponent is ^ for 
every < a < 2. Notice the uniformity in t G [0, T], which is important later. 

Theorem 5.2. For every e > there is k > such that with Wt — Snt, for every bounded set 
A and every T > 0, a.s. all ft, < t < T , are Holder continuous with exponent 1/6 — £ on 
A when < a <2: 

\ftiz)-ftiz')\<C\z~z'\-^-^ 
for all z,z' ^ A with a random constant C — C{A, a, T, e). 
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max^l/t(2j,n)| >y ^ ''^ < oo 



Proof. Let i? > and > be such that A C [— i?, R] x (0, b]. It suffices to show that 

for all — i? < X < R and all < y < 6. By Koebe distortion, it is enough to show this for dyadic 
points Zj^n = (j + i)2~"', where n > and — i?2" < j < i?2". For every e > there is p > 1/6 — e 
such that the exponent 2 — 4/5 — e in Lemma lOI is strictly larger than 1. Hence 

oo R2" 

E E 

and the theorem follows as Theorem 5.2 in [16]. □ 

It immediately follows that for each fixed t, the map /t(z) extends continuously to H a.s. In 
order to pass from SLE driven by truncated stable process 5^4 to SLE driven S'^t, let's recaU the 
following relation between St and St- Note that symmetric a-stable process has Levy measure 
Ca\h\~^~°'dh. The jumps {(5^4 — SK.t-)'i-{\St-St-\>i}^'^ — 0} of ^i^^ larger than 1 form a Poisson 
point process with intensity measure CaK,\h\~^~°'l^\fi\yiydtdh. The process 

r<t 

has the same distribution as {S'stit > 0}. Define Tq = and let 

Tfe inf{i > Tfe^i : |5«t - S^t- \ > 1} for fc > 1, 

be the fcth jumping time of S^t of size larger than 1. Then {Tk — T^-i, fc > 1} is a sequence of 
i.i.d. exponential random variables with parameter Ak. Moreover, the processes 

{{5«(,+T._,) - 5.T._, , t e [0, n - Tk-i)}, k > 1} 

are i.i.d., which are independent copies of S^t killed at an independent exponential random time 
Ti. All this tells us that S^t can be constructed as follows. 

Let To = and {Tk — T^-i, fc > 0} be an i.i.d. sequence of exponential random variables 
with parameter Ak. Let {5*^4, i > 0} be a sequence of independent copies of {5'„t,t > 0}. Let 
{^fejfc ^ 1} be an i.i.d. sequence of random variables with density function proportional to 
l|h|>il^r^~"- These {Tk,k > 1}, {S'^t,t > 1} and {^k,k > 1} are aU independent. For t > 0, 
let n be the largest integer so that T„ < t. Define 

n-l 

^* ■■= E (5.V.-T._,) +4) +§.Vt„)- (5.1) 

k=l 

Then {Xt, t > 0} has the same distribution as {Sat, t > 0}. From this, we immediately have the 
following. 

Lemma 5.3. For k > 0, let{Tk,k > I}, {S'^t,t > 1} and{^k,k > 1} be as in the last paragraph, 
which are all independent, and let X be defined by 115. Let {fj:'^\t > 0} be SLE driven by 
S^f. For t > 0, let n be the largest integer so that T„ < t. Define 

Mz) := {f!:%J- - XtJ + Xt„) o . . . o [f^%S- ^Xt,)+ Xt,) o f^]\z). 

Then {ft{z),t > 0} has the same distribution as the SLE driven by Wt = S^f 

Because compositions of Holder continuous maps are Holder, from Theorem 15.21 Lemma 13.11 
and Lemma 15.31 we obtain the following 

Corollary 5.4. For every < a < 2, k > 0, and Wt — S^t, for every bounded set A C H and 
every t > 0, a.s. ft is Holder continuous on A. The same holds for Wt = St. 
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6 Hausdorff dimension 



We will now show that the hulls have Hausdorff dimension 1 almost surely. The situation is 
similar to [TH], Section 8.2: Because ft is Holder continuous, the (box counting) dimension can 
be estimated by the convergence exponent of the Whitney decomposition of H \ i^t, which in 
turn is controlled by the growth of the derivative // towards the boundary M of H. For a Borel 
set K cM.'^, we use dimn K to denote its Hausdorff dimension. 

Theorem 6.1. For each < a < 2, k > 0, and Wt = S^t (or Wt = S^t) 

dims Kt^l 

for all t > 0, almost surely. 

Since Kf has empty interior by [S], ifj U R = 9(11 \ Kt). Because g^^ has the same distribution 
as ft (for fixed t), it thus suffices to show that the boundary of Ht — /t(IHI) has dimension 1 
a.s. Denote by N{e) — N{e, A) the minimal number of disks of radius e needed to cover a set 
AcC. 

The following is an analog of the upper bound for the dimension of the outer SLE boundary, 
Theorem 8.6 in [T6]. 

Theorem 6.2. For each < a < 2 and 1 < a < 2, there is k > such that with Wt — S^t, for 
all T > 0, h > and R > 0, a.s. we have 

lim e'' ^iTiax^ N{e, ft[-R, R]C^{y> h}) = 0. 

Proof. As in [16j, Section 8.2, consider a Whitney decomposition of Ht (that is a covering of 
Ht by essentially disjoint closed squares Q C Ht with sides parallel to the coordinate axes such 
that the side length d{Q) is comparable to the distance of Q from the boundary of Ht, and such 
that d{Q) is an integer power of 2). Denote by Wt the collection of those squares Q for which 
Q n ft{[-R, R] X (0, oo)) n > k} ^ 0, and let 

S(a) = max V d(Q)° < oo. 
o<t<T ^ ~ 

QdWt 

Then the proof of Theorem 8.6 in [16] (the last displayed formula) shows that, for each < t < T, 

iV(2-", /thi?, R\r\{y>2 h}) < Ciuj) 2("+o(i°g»)) '^S{a) . 

The factor C(a;) comes from the Holder norm of ft and is random, but does not depend on t or 
n. The theorem follows at once if we show S{a) < oo a.s. To this end, we will show 

E[S{a)] < oo 

for a > 1, in analogy with the upper bound in Theorem 8.3 of [TB]. By the Koebe distortion 
theorem, again writing — (j + i)2~", the quantity 

oo R2" 

is comparable to S{a) (see (8.2) and Lemma 8.4 of T6] for the details), in particular S{a) < 
CS{a) for some universal C. For <t <T, Lemma [4.11 yields 

l{Im/t(zj,„)>/i}l/t(^J,n)| < l{7log(h/„j.^„)<oo}l/t(^J,n)l < C't,^ | /log(2'«/i) ) I l{7log (2" ft) <oo} • 
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Now Theorem 14.41 with (3 = a and S < a — 1 impUes 



E[5'(a)] < J2 2i?2"2-''"2"* < oo, 



n=0 

thus proving the theorem. □ 



The next lemma says that the HausdorfF dimension of boundaries of simply connected domains 
does not increase under finite composition. 

Lemma 6.3. Let 1 < a < 2, let /(^^ : H ^ H \ K''J\ 1 < j < n, be conformal maps, and let 
f = fi^) o • • • o /(I). // dimff K^^^ < a for all j, then dim^ a/(H) < a. 

Proof. For the proof, just notice that 

df(M) = u u • • • u • • 

and that each of the sets in the union has dimension < a because each map is smooth in 
H. □ 

Proof of Theorem 16.11 Let 1 < a < 2 and let k > be as in Theorem 16.21 Let ft be driven 
by and factor ft according to Lemma [5.31 Then by Theorem 16.21 the hulls of the factors 
of ft have Hausdorff dimension < a, and thus dimn dft(R) < a by Lemma l6^ Letting a tend 
to 1, we see that the hulls driven by Wt = S^t have Hausdorff dimensional at most 1. Because 
the boundary of the simply connected domain M\Kt is connected, and because iiTt n EI ^ 0, we 
have dim// Kt > 1 and conclude dim/f Kt — 1 for every t > 0. By the scaling Lemma [3.11 the 
hulls driven by Wt = St have the same dimension as the hulls of S/^t- Finally, the hulls of S^t 
for an arbitrary (not neccessarily small) k can be recovered from the hulls of S^t , and therefore 
have dimension 1, by removing the jumps of W^t, similar to Lemma 15.31 □ 

7 Trace continuity 

The purpose of this section is to prove the following 

Theorem 7.1. Fix a e (0,2) and k > 0. Let Wt = S^t or Wt = S^t- Then almost surely, for 
each t > the limit 



exists, the function 1 1— !■ "/(t) is RC'LL, and Kt = 7[0,t]. 



From Theorem l5.2l we know that for each fixed T, friz) extends continuously to H a.s. Because 
the hulls Kt have the same law as H\ /t(IHI) — Wt, they are locally connected a.s. In general, 
this does not imply that the subsets Kt C Kt for t < T are locally connected too (for instance, 
it is possible that Kt is not locally connected at some time to, but that due to "swallowing" Ktg 
is contained in the interior of I'Ct for some ti > to, and that the boundary of Kt^ is smooth). 
Nor does the equicontinuity of ft{z) generally imply equicontinuity of gf^^{z). For instance, if 
Wt = c\J\ — t with c = 2-^/3, then ft(z) is equicontinuous (H \ /t(IHI) is a halfdisc of radius 
proportional to \/t') whereas gt^ is not [Kt is an arc of a semicircle up to time 1 when Kt is a 
semidisc). Because of the tree structure of the hulls, our situation is better: 

Proposition 7.2. Let Wt = 5^* or Wt = S^t- For each < a < 2 and each T > 0, a.s. each 
of the maps gt"^, < t < T , has a continuous extension to H (which we again denote g^^). 
Moreover, the maps {gt^, < i < T}, are equicontinuous on H. 
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We postpone the proof until the end of this section and continue with the 

Proof of Theorem l7.ll Fix a G (0, 2) and T > 0, and let t <T. Because g^^ has a continuous 
extension to M by Proposition 17.21 j(t) = \imz^Wt;zGM 9i^^ (z) exists, and ^(t) = g^^{Wt). The 
equicontinuity of g^^, together with the pointwise continuity of t i— s- g^^{z), easily implies the 
continuity of {t, z) ^ gt~^{z) on [0,T] x H. It follows immediately that 7 is RCLL. 
To prove Kt = 7[0,i], first let z — "f{t) = g^^{Wt). Clearly < t, so that z € Kt (see Section 
13.11 for the notation). Because Kt is closed, we have Kf D 7[0,i]. Conversely, if w G Kt, then 
Tw < t. Then either liminf [(^^(u;) — Ws\ = 0, and the continuity of {s,z) 1— > g]^^{z) implies 

s — >Tu, 

I i 1 11 i 1 1 f \gs^{gs{w)) ~ gg^(Ws)\ — 0, which yields w e 7[0,t]. Or liminf \gs{w) — W^s| > and 
gT^{w) = Wt^,, which means w = 7(T^) G 7[0,t]. It follows that Kt C 7[0,i]. □ 

In order to prove Proposition 17.21 we need a variant of a theorem of Warschawski |18j about 
the modulus of continuity of conformal maps of the disc. Roughly speaking, after suitable 
normalization the modulus only depends on the " roughness" of the boundary of the domain as 
measured by the size of bottlenecks. Let G C C be a simply connected domain and a G G be 
a marked point (in |18j . a = whereas here we will have p = 00). A crosscut of G is a simple 
arc {(j{t), < i < 1} that lies in G except for the endpoints a{0),a{l) G dG. Every crosscut 
separates G into two connected components. If a ^ cr, denote G((t) the component that does 
not contain p in its closure. Following Warschawski, define 

Vg{S) — sup diam G{a). 

diam a<6 

Thus rye ((5) ^ as 5 —> if and only if dG is locally connected. Now assume that G = M.\K and 
that / : H ^ G is the hydrodynamically normalized conformal map, f{z) — z + a/z + 0{l/z'^) 
near 00. Denote 

LOfir) = sup{|/(z) - /(z')| :z,z'GHwith \z-z'\ < r} 

the modulus of continuity of /. The following is Theorem 1 of Warschawski [TH| , except for the 
different normalization. His proof carries over with only minor modifications. 

Theorem 7.3. For each R > and each function ri{S) with ?y(0+) = there is a function Lu{r) 
with Lli{0+) — such that the following holds: If K d {\z\ < R}, and if rjald) < rj{S) for all d, 
then 

w/(r) < Lj{r) 

for all r > 0. 

Proof of Proposition 17.21 Fix T > 0. Because friz) extends continuously to H a.s. by 
CoroUarv 15.41 and because the hulls Kt have the same law as H \ /t(EI) — Wt, we have 

r,G^(0+) = 

a.s., where Gt — M\Kt- By Theorem 1.3 (i) in |B], we know that Kt and hence Kt, < t < T, 
does not have interior points. Hence every crosscut a of M\Kt can be decomposed into crosscuts 
aj of H \ i^T such that (H \ /ft)(cr) C UJJbXKtK^ ■ ^ follows that t^g* (S) < S + 2770^ (S), for 
aU t < T. Now Proposition follows from Theorem O □ 
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